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p · v = 0,
p 
|p|2 = r21 ,
' 
2|v|2Mp = Φ2(v) + |v|
2Φ0.
N-
  ¤¤)  r/dVeLTuTW
(p, v) ∈ R3×P2(R)











|(ci − p) × v|










(ci ×v) · (p×v)
bcRTWJacd3tv¨tvn~bknchuTWFuTnke6xTidÅbAh¨x:W3gwbkhjbp`
a · (b× c) = b · (c×a)
¦5bkRTWVgbkRTW
wW3d#bceLnbknchuTWuince:x:id#bhx:W3g5bchbp`
a × (b × c) = (a · c) b− (a · b) c
tvgix=igitL`=iachgTfm< 5itbkhewg c 
*W\fLWVb
(p × v) · (ci × v) = ci · (v × (p × v)) = ci · ((v · v) p − (v · p) v) = |v|






|p × v|2 = |p|2|v|2
tLgix=bcR6ia < 5itvbcheLg+ DW)d#eLUXW)a
2|v|2ci · p = |ci × v|
2 + |v|2(|p|2 − r2i ).
rJa
|ci × v|














haW wihtvWVg5bJbce%< 5itbkhewg + JaPhgid#W
c1
haJbkRTWXeLnkhfwhg eLl bcRiWlnztvUXWLyq b
lewe*Fa bcRitvbJbkRTWlewTn\W5itvbcheLgia '}-lewn
i = 1, . . . , 4
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tLncWhg5bcW3ncW)apbkW3xhg=ncW)tvThgiW3a3¦LbkRTWjQPgitbkhwW r aP`:aPbcWVU evl?W wDtbcheLgDa~haAeLW3n
C
 r g6`TgDx:WVnzapbztvgixThgTfyeLl
bkRTWac`:apbkWVU acRTeLT¨x>hg6LeLLWaPW3giaPhbch6hjbp`bked#ewUXuTW> x:WVfwWVgTW3nktwd#hW3a3Fq»gewTn uTnke6evlp¦?d#ewUXuT:bktvbcheLgia
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iacWeLl ncW)tvhjbp`
twacacTUXu:bkhewgiaV
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UXe5apb;ewgTWAhgTW bztvgTfwWVg5bbce bcRTWAleLTn acuTRTWVnkW3a *hjbkRtfwhwWVgx:hncW)dÅbkhewgQRTW ncW3UtvhgThgifFW5itvbcheLgiatvnkW
td#Tihd WG AtLgixt wDtvncbch¨d A  hg
v
¦:tvgixbcRTW3hnhgwbkWVnzaPW)dÅbkhewgncW3uTnkW3acWVg5bkaAbcRTW\x:hncW)dÅbkhewgia
v ∈ P2(R)tLewgTf *RTh¨dzRbcRiWVnkW h¨aAtybztvgTfwWVg5b bkebcRiWFleLin acuTRTWVnkW3a3  W=*tLg5b bceuTncewWbcRitvbAbkRTWJdVTTh¨d tvgDxXbcRTW
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P2(C)*RihdzRx:e6W3agTeLbxThacuT:bkW\bcRTWlNtLd#bbcRitvbbkRTWynkW3tv?aceL:bcheLgDa eLlq< 5itvbcheLgia ' 1A actvbch¨apl`
|v|2 6= 0










(M−1Φ2(v)) · v = 0,
|M−1Φ2(v)|
2 = 0.

















M−1Φ2(v) = µ v,
bkRitbFh¨a
Φ2(v) = µ Mv.
<>6uDtvgix:hgTfbkRTh¨a ¨tLaPb W5itLhbp``5hWV¨xTa
−(ci · v)
2 = µ ci · v
¦-leLn















































Jq»g DeLbcRd3tLacW3a3¦< 5itvbcheLg hE FhUXuThW)a
v = 0

QR6ia bcRiWVnkWh¨a gTed#ewUUXewgaPewTbcheLg hg
P
2(C)
leLnFbkRTWXaP`:aPbcWVU eLl bcRTWd#ewgThdL¦-bcRTWXd#Tihdtvgix bcRTW
5itLnPbkhdL¦6RTWVgidVWbcRTWdVTTh¨d G"tvgDx
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 WXgTe*{bkncW)tbbcRTWXUXeLnkWhg5bcnkhd3tbkWd3tLacWevl leLTnyacuTRTW3ncW)a *RiewacWdVWVg5bcW3nka\tvnkWdVeLuT¨tvgDtvnT:baPDdzR
bkRitbFgiebkRTnkWVWyd#W3gwbkWVnzatvnkWtLhfLgiW3x?




	qI Y  k:
 h! UT
J;W#b
(p, v) ∈ R3 × P2(R)
nkWVuincW)aPW3gwbthgiW>bktLgTfLW3gwbbkebcRTWlewTn=acuTRTW3ncW)a































































































v23 |Ψ2(v12) + |v|
2Ψ0|
2 + ((Ψ2(v12) + |v|
2Ψ0) · v12)



















lncewU < 5itvbcheLg N Å¦*W\eL:bztvhg=bkRitb
v
UiaPbFDWyewg=bkRTW\leLe*hgTfXd#ewgTh¨dP
Φ2(v12) · ω + |v|
2Φ0 · ω = 0.
p)-
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v ∈ P2(R)
3b=e9{!Kop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∃λ ∈ C, Ψ2(v12) = λ v12
PV 
Φ2(v12) · ω = 0.
P)} 

















2 + (Ψ2(v12) · v12)
2 = 0.
_:hgidVW
|x|2|y|2 − (x · y)2 = det(x, y)2
leLn tLg6`
x, y ∈ C2
¦ybkRTW W5itvbcheLg^h¨a W5ThtvWVg5b>bce
det(v12, Ψ2(v12)) = 0










c1 = 0, c2, c3, c4





















v12 · (cj − ck) = 0
iC`?!X








c4e!cyWSTegbcLW\ Z Y |:
  ¤¤)  incewU




























xTW#igThbcheLgÅ  e*y¦ *Wd3tvg *nchbcWn< 5itbkhewg P)}"twa






−ω3 (Φ2(v12))12 · ((M
T
12)
−1c4) − (c4 · v12)
2ω3 = 0,
*RihdzRaPhUXuThjiW)aV¦i5`bcnztvgiacuDe5aPhbcheLg;¦:hg5bce
(M−112 (Φ2(v12))12) · c4 + (c4 · v12)
2 = 0.
B WVgidVWL¦itLgW 5ThtLW3gwbW>6uincW)acachewglewn < 5itbkhewg P)}"h¨aZP









lnkeLU < 5itbkhewg PV  hg5bce p) W3tLxiabce
(c4 · v12)
2 = −λ c4 · v12.





bkem< 5itbkhewg P3 #¦itvgDxbkRTWtv-eLWytvnkfLiUW3g5b`6hWV¨xTabcRitvbZP
(ci · v12)
2 = −λ ci · v12, i = 2, 3, 4.
pG"
q l
ci · v12 6= 0
lewn





































{i, j, k} = {2, 3, 4}
QR6ia
<wDtbcheLg pG"`6hWV¨xTa
−λ = cj · c
⊥
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y/N S\OST@k 3b@!h!y Y !l
 !
P2(C)
i Vhz Y 'y  97T/=h`  Y ]W!KS;9{V0h!
P1(C)
:
  ¤¤)  r akaPTUXW bcRitvbbkRTWaPW>5bkhd pM tvgix bkRTWd#eLgihd p3 =acRitLncWt d#ewUu-eLgiWVg5beLluDe5aPhbchLW















habkRTWyTgTh5TWd#ewUXUewgaceL:bkhewgeLlq< 5itvbcheLgia PV-tLgix p)}-Å
 ` JW3UXUXt T¦tvg6` u-eLhgwbhg bkRTW hg5bcW3nkacW3d#bcheLg eLlbcRiW dVeLgTh¨d
|v|2 = 0
tLgix bkRTW d#ewUUXewg












QRTW\d#ewUXUewg=d#ewUXuDewgTWVg5b eLlbcRiWacW>6bch¨d P)-AtLgixXbcRiWdVeLgTh¨d P3-Ah¨aAW3hjbkRTWVnbcRiWdVeLgTh¨dFhbkacWVl;eLn
thgTWLq»gbkRTW¨tbcbcW3nJdVtwaPWw¦:bcRiWW5itvbcheLg>eLlbkRTWhgiWh¨aFnkW3tv;DW)dVtvDaPWeLbcRTW3n*h¨acWyhjbzaJdVeLgopTf5tbkWyha
tLacedVeLg5bktLhgiW3xhg=bkRTWyd#ewgThdJtvgix=hgbcRiW\acW>6bkhd NachgDd#WJbcRTW3hnW5itvbcheLgiatvnkWncW)tv 5bcRTW\acW>6bch¨dFbkRTWVg


















































Ψ2(v12) · c4 =
1
det(M12)
[(c⊥3 · c4)(c2 · v12)
2 − (c⊥2 · c4)(c3 · v12)
2] = α(c4 · v12)
2.
_:hgidVW bkRTWleLTndVWVg5bcW3nka leLnkU tbcnztvu-W(VewhxN* WRitMwW











2 − (c3 · v12)














2(y2 − x2 − κ(x + y)2) = 0
lewn tL








 e* *W W>TtvUXhgiWbcRTWaPW)d#ewgixtvbcW3ncgitvbchLWw¦|*RTW3gbcRTWd#ewUUXewgd#eLUXu-eLgTW3g5bAevl?bkRTWJacW>6bch¨d P) 







 QR5DatLbcRiWdVe5W6d#hWVg5bkaevlFbkRTWaPW>5bkhd P)"6hWZ* W)x tLa






























4 ) · Ψ0 = 0.
incewU bcRiWuince6evlevl JW3UUtaG5¦q* W !6gTe*{bkRitb
Ψ2(c
⊥




λ = −c2 · c
⊥






2(λ + Ψ0 · c
⊥
4 ) = 0,
λ|c4|
2(λ + 2Ψ0 · c
⊥
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	qI Y  k:
 h! UT
  ¤¤)  r akaPTUXW bcRitvbbkRTWaPW>5bkhd pM"tvgix/bcRTWd#ewgThd p) RitMLWt d#ewUUXewg d#ewUXuDewgTWVg5beLl













c⊥2 · (c4 − c3) = 0
tLgix










c2 + c3 =
c4
tvgDx bcRiWdVWVg5bcW3nkaleLnkUÏtuitvnztvWVeLfLnztvU  ` bcnztvgDaP¨tbkhgTfeLTnlnktLUW=bce bcRTWd#W3g5bcWVnevlFbkRitb
uDtvnztvW3ewfLnztvU¦|*WJUtM`twacacTUXW bkRitbbkRTWd#W3gwbkWVnza tLncW\tb
a = (a1, a2, 0)
¦








i = 1, . . . 4

































r bcRTW3eLnkWVU hg bkRTWuTnkWVuTnkhgwb', /.tLxTxTncW)acacW3ataPhbcitvbcheLgevlbkRThagitvbcTnkWtvgix acRTe*Fa\bkRitbbcRTW
dVeLUXUXeLg bktLgTfLW3g5bkaXbke bcRTnkWVW acuTRTW3ncW)a*RTh¨dzR UXWVW#btbbkRTWaktvUXW>bchUXWt >:W3x hgTWdVtLgTgTeLb=DW
hg:igihjbkWV`UtLg5`TgTW3akabkRTWVhn bkRTnkWVWdVWVg5bcW3nkaFtLncWdVeLhgTW)tvn)  WfwhwWRTWVnkWtLg>hgixTWVu-WVgix:W3g5bJuTnke6evl
*RihdzRd#ewgwbkhg6TW)abcRTWtLDewWJhgTWyevlbcRTewTfLR5b3
sW)dVtLAbcRitvbpM ytLgix p)-*WVnkWew:bktLhgTW)x lncewU P o1 '-\6` WVhUXhgitbkhgTf
p
 ZJu-WVnztbkhgTfNQPhg
nkWVwWVnzaPW ¦Dhjb\haJW3twaP`bkeacWVWbkRitbytewgTW1»x:hUXWVgiachewgitvd#ewUu-eLgiWVg5bJeLl aPewTbcheLgia leLn pM FtLgix P3-







(a · v)2 = |v|2
(









(b · v)2 = |v|2
(





















_6TTbcnztLdÅbkhgif PZE FlnkeLU pIA FfwhwW3a bcRTW
dVeLgTh¨d
((a + b) · v12) ((a − b) · v12) = |v|
2(α − β).
'L-





















2v23 + (p12 · v12)
2)((a + b) · v12)((a − b) · v12) = v
2
3(α(b · v12)
2 − β(a · v12)
2).
+: 

























v12 = (a ± b)
⊥
dVeLg5bcnztLxThd#bchgTfbkRTWlNtLdÅb





 WygTe* dVeLgidVDx:W\eLgbcRTWd3tLacWJeLl acuTRTW3ncW)aC*hjbkR>d#eLuitLgitvnd#W3gwbkWVnzaV







hg5bcW3nkacW3d#bcheLg evlbcRTWXlewTnd#hnkdVW)a\eL:bztvhgTW3xtwabcRTW-eLTgDxTtvnk` evlbcRiWuTnceLopW3d#bcheLg evlW3tLdzRacuTRTWVnkWL
QRiWVnkWtLncWJbcR6iatvbUXe5apbb3* eXhgiW3a bktLgTfLW3gwbbkebkRTWleLTnacuTRTW3ncW)a u-WVnFxThnkW3d#bcheLg?BFW3gid#WbkRTWVnkWytvnkW
DgThjbkWV`=Utvg6`hgTW3abktvgifLWVg5bbceXbkRTWylewTn acuTRTWVnkW3a3  e*y¦TbcRTW-eLigixevl
12
x:hnkW3d#bc`lewe*FalncewU
bkRTWygTewg01 dVeLuT¨tvgDtvndVtLacWm nkeLu-ewachbcheLg 6`=d#ewgwbkhg6Thbp`L

     #!Vy &
 WJdVeLgidVDx:W hgbkRThaacW3d#bcheLgbkRTW uTnke6evleLl;QRTWVewncW3U L  WJinkaPb W)apbztvTh¨aPRbkRTWJleLe*hgTfWVUXUtT
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STm!oTTShLi  b ^/i X V09H!p W =gb  !|97 V Y S@3bjy/9HV0W`?!XeT^nW^
Z[+]Xe9H!keXp\V|/a9!92STT:m	k0] V Y SmST d\nNSTKi 'S^9H! Y np^\dT97 Y gb
KcTo:
  ¤¤)  _6TuiuDe5aPW bcRitvb bcRTnkWVWJx:haPbchgid#bacuTRTWVnkW3a *hjbkR=d#ewhgTW3tLnAd#W3gwbkWVnza tLxTUhbtd#eLUXUXeLgbztvgTfwWVg5b3
_:idzRt\bktLgTfLW3gwb h¨a~gTeLbAeLncbcRieLfLewgitv5bkeybcRTWJt>:ha evl-bcRTWbkRTnkWVW acuTRTW3ncW)a~aPhgid#WFbcRTW3`RitMwWgTed#ewUXUewg
hg5bcW3nkacW3d#bcheLg iTnPbkRTWVnkUXeLnkWL¦TacidzR>tbktLgTfLW3gwbnkWVUtvhgiabztvgTfwWVg5b tlµbkWVn tnkevbktvbcheLgtv-eL:bbkRTh¨a t>:h¨aV
QR6ia bcRTW\d#ewUXUewgXbktLgTfLW3gwbza bkeybcRiW bkRTncW3WJacuTRTW3ncW)aAtvnkWbkRTW nkThgTf5a eLl;td#ewW3d#bcheLg
Q
evl 5itwx:nch¨dVa
eLlnkWVweL:bcheLg'*hjbkRac`6UXUWVbcnk`=t>:h¨abcRTW\hgiW\bcRTnkeLTfwRtLdVWVg5bcW3nka 'aPW3W hfLincW  :bcRTW)aPW 5itwx:nch¨dVa
RDtMLWybke=-Wd#`6hgDx:WVnzaV¦1d#ewgTW3a3¦-eLn R6`6u-WVnkDewewhxTa evl ewgTWacRTWVWVb3r akaPTUXWleLnJtd#ewgwbknktwx:h¨dÅbcheLgbkRitb
Q
dVeLgiach¨apbzaevlUXewncWbcRDtvgeLgTW 5itwx:nch¨dv












*RihdzRRitMLW\W wDtbcheLgDa eLlbkRTW\leLe*hgTfleLnkU P


















1»t>:h¨aV¦vb3* eyeLlDbkRTWVUtvnkWbktLgTfLW3gwb hltvgixewgT`hjl1bkRTWV`hg5bkWVnzaPW)dÅb hg
W>TtLdÅbk`=b3* e=uDewhg5bka;*hjbkR actLUXW
y




(x2 + Ay2 + By + C) − (x2 + (y − αi)




δi = (B + 2αi)
2 − 4(A − 1)(C + r2i − α
2
i ) = 0.
'L-



















































2 α1 − α2
α21 − α
2





= (α1 − α2) (α1 − α3) (α2 − α3).
B WVgidVWtvbJW3twapbb3* ed#W3gwbkWVnza tLncWW5itv5*RTh¨dzRhUXuThW3aJbkRitb\eLgTWaPuiRTWVnkWh¨aapbknch¨dÅbk` dVeLg5bktLhgTW)x>hg
tLgTevbkRTWVn)~QRTWbcRTnkWVWacuTRTW3ncW)a bcR6iaRitMwWJgieXdVeLUXUXeLgbktLgTfLW3gwb)¦itXd#ewgwbknktwx:h¨dÅbcheLg;

   :  uKu ShV9!9H^ 9HyI! X-^/o +v  i
i = 1, 2, 3
im^9 Y TiN!Doz3b- Y !n Y
 Y'Y ]KSTcdTh` T SToT




(r21 d23 + r
2
2 d31 + r
2
3 d12),
B2 − 4AC =
−1
d23d31d12 D
(r1 d23 + r2 d31 + r3 d12) (r1 d23 + r2 d31 − r3 d12)
(r1 d23 − r2 d31 + r3 d12) (−r1 d23 + r2 d31 + r3 d12),
`q\
D = d23 d31 d12 + r
2
1 d23 + r
2




 WdVtLggTe* uTnkeLW\QRTWVewncW3U v
  ¤¤)¤) set  6¤     uD Y ewgiachx:W3n\leLTnx:haPbchgid#baPuiRTWVnkW3a *hbcRhg:igThbcW3` Utvg6`nkW3tLAd#ewUXUewg
bztvgTfwWVg5bka3  `m nkeLu-ewachjbkhewgiaXtvgixi¦6bkRTWd#W3gwbkWVnzaevl~tbW3tLaPbbcRTnkWVWyeLl;bkRTWaPuiRTWVnkW3atLncW\tvhfwgTW3x
q lbcRiW3acWbcRTnkWVWacuTRTW3ncW)ayhgwbkWVnzaPW)dÅbhg t>d#hnkdVWw¦;bkRTWVhndVeLUXUXeLg bktLgTfLW3g5bkatLncWbcRiWbktLgTfLW3gwbza\bce






RDtLa bceXd#ewgwbztvhgbkRitbFd#hnzd#W 'tvgix?¦:hl;bkRitbFdVhnzd#WJh¨ax:WVfwWVgTW3nktvbcW bcetu-eLhg5b3¦6bkRTWleLTnacuTRTWVnkW3aUiapb
RDtMLWJbcRTWaktvUXWbktLgTfLW3gwbuT¨tvgiW\tvbbcRTh¨au-eLhg5b Å QR6iatLleLTnFacuTRTW3ncW)a RDtMLWytvhfwgTW3xd#W3g5bcWVnza3
q lbkRTWbkRTncW3W=acuTRTWVnkW3ae*hjbkR tvhfwgTW3x dVWVg5bcW3nkax:e gTeLbRitMwWt d#ewUUXewg hg5bcW3nkacW3d#bcheLg¦bcRiWVg 6`
J;WVUXUt)JbcRTW3hn~d#ewUXUewgbztvgTfwWVg5bka tLncW bcRTWnkThgTf5a evlDt\achgifLW 5itwx:nch¨d RitM6hgTfJbcRiWVhn t>:ha twa~t>:ha
eLlAnkWVLewTbcheLgQeDWbktLgTfLW3gwbbcehg:igThbcW3`UXtLg6`>hgTW3a\dVeLg5bktLhgTW)x hgbkRTh¨a 5itwx:nkhdL¦1bcRTWleLinPbkR
acuTRTW3ncWyUiaPb RitMLWyhbkaJd#W3gwbkWVnJeLgbcRiWt>:h¨aevl bcRiW 5itLxTnch¨dNtLgix>tLx:W 5itbkWynktwx:hDaFtLaJx:W#bkWVnkUhgTW)x
-WVe* Å¦:RiWVgidVW\bcRTW\lewTnFaPuiRTWVnkW3aRitMwWtLhfLgiW3xd#WVg5bkWVnzaV
Y ewg5wWVnzaPW3`w¦~leLinaPuTRiWVnkW3an*hjbkR tvhfwgTW3x d#W3gwbkWVnzaXtvgix tbW3twapbeLgiWdVeLUXUXeLg bktvgifLWVg5bRitMwW
hg:igihjbkWV`UtLg5`d#ewUXUewgbktLgTfLW3gwbzaV¦-6`ac`6UXUWVbcnk`eLl ncW3Lew:bkhewgFQRTh¨aJdVeLgidVDx:W3aFbcRTWuTnce6eLl eLl
QRiWVeLnkWVU tLgixuTnce6h¨x:W3a bkRTW\igTW3nfLWVewUXW#bcnkh¨ddzRDtvnztLdÅbkWVnkh7()tbkhewg=apbztbkW3xhg _6W)dÅbcheLg L
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QRTWdVtwaPWyeLllewTnJacuTRTW3ncW)ahgwbkWVnzaPW)dÅbkhgTf=hg tdVeLUXUXeLg dVhnzd#WeLnFbktvgifLWVg5b hg tdVeLUXUXeLg>u-eLhgwb
h¨a t=hUXhjb\dVtwaPWeLl~bcRTWaPhbcDtbcheLg tLDewWL¦-tvgixbkRTWVnkWV6`>aPi:opW3d#bFbce=bcRTWactLUWtvfLWVinktLhdytLgix>aPW3UXh{1
tLfwWVTnztvh¨d dVeLgixThjbkhewgiaV
   :  u  R   STI_q|V0W 3b@bV0mhL]!y !OoeN3bL!z 
S\l
 Y !koL3bnX bV0LS\oT
ci = (xi, yi, zi)
 Y !LSTW Y !pa\ Y !
ri
i;\[KTT!p X













d2ij = (xj − xi)
2 + (yj − yi)
2 + (zj − zi)
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